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Shuttle-based storage and retrieval system (SBS/RS) is relatively a new 

automated storage and retrieval technology developed as an alternative to 

the mini-load crane-based automated storage and retrieval system 

(AS/RS).  It is important to have analytical models calculating critical 

performance measures promptly facilitating selection of the right 

warehouse design meeting the requirements of the company. The aim of 

this study is to present an open queuing network (OQN) model that can 

estimate the critical performance measures of a pre-defined SBS/RS 

design. The estiamated performance measures are considered to be the 

mean waiting time of a transaction in the queues, as well as the mean 

utilization of the servers and the mean number of transactions waiting in 

the server of queues. By the provided model, one would be able to evaluate 

an SBS/RS’ design promptly, by changing those design criteria. The 

analytical model’s results are validated by the simulation results by 

considering Absolute Percentage Error . 

Keywords: SBS/RS, open queuing network, performance calculation, 

automated warehousing 

 
1. INTRODUCTION  ( ALL CAPS - Helvetica 9 pt, 

bold) - Align left 

Recent advances in warehousing automation 

technology have created various types of storage and 

retrieval systems. One of them is shuttle-based storage 

and retrieval system (SBS/RS) that is developed to cope 

with high transaction rate ([1]-[11], [14]). It is critical for 

companies to decide on the right technology with a right 

design of it for its business requirements. Therefore, the 

development of analytical models producing critical 

performance measures from those systems are critical to 

evaluate such systems’ performance promptly. In this 

study, our aim is to develop such an analytical model, 

specifically OQN, estimating several critical 

performance measures from a pre-defined SBS/RS 

design.  

 
2. SBS/RS DESCRIPTION AND ASSUMPTIONS FOR 

MODELLING 

Figure 1 shows the top view of a tier of an aisle of the 

studied SBS/RS. There are two buffer areas in each tier 

where loads are dropped-off to be picked up by the lifts 

or shuttles. Namely, the lift drops-off the load on the 

buffer location when the transaction is a storage; picks-

up the load when the transaction is a retrieval.  Hence, 

there are two types of transaction requests: storage and 

retrieval. The processes take place based on these 

transactions are summarized below: 

Storage Transaction: 1- lift moves from its dwell 

point to the ground-floor tier, i.e., the first tier – the I/O 

point of the system. 2- the lift picks up the storage load 

and travels to the designated tier. 3- when the lift reaches 

its destination, it releases the load in one of the two buffer 

locations. 4- the shuttle in the designated tier moves from 

its dwell point to the buffer location. 5- the shuttle picks-

up the load. 6- the shuttle travels to the designated storage 

address with the load and releases it in the storage 

location. 

 

 

Figure 1: Top view of an SBS/RS 

Retrieval Transaction: 1- the shuttle in the 

designated tier moves from its dwell point to the retrieval 

address to pick-up the load, and then travels to the buffer 

location. 2- the shuttle releases the load in one of the 

buffer locations. 3- the lift moves from its dwell point to 

the designated tier. 4- the lift picks up the load from the 

buffer location. 5- the lift travels to the I/O point (first 

tier) with the load and releases it. 

The assumptions that are used in the SBS/RS 

modelling (both in analytical and simulation models) are 

summarized below: 

 Transactions are discharged at any one of two 

buffer locations randomly to be picked up by the 

lift/shuttle. 

 The lift and shuttles follow the single command 

cycle (SC) scheduling rule. 

 The travel distance from the first bay to the 

buffer location (DB) is assumed to be same as 

the travel distance between two adjacent bays. 

 Loading and unloading delays are ignored in the 

models. 

 The dwell point of lifts/shuttles are assumed to 

be the points where they complete their last 

process. 

 A pure random storage policy is assumed in the 

models. Under this policy, the storage address is 

assigned randomly by selecting any tier and bay 

with probability 1/T and 1/B, respectively 
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(where T: the number of tiers; B: number of 

bays). 

 In travel time estimations, acceleration and 

deceleration delays are considered to be the 

same (as = ds and aL = dL). 

 If the transaction is at the first tier, then lift is 

not utilized. 

 The storage and retrieval transaction arrivals 

follow independent Poisson distributions whose 

mean rates are equal, 𝜆𝑆 = 𝜆𝑅.  

 The distance between two adjacent bays and 

tiers are assumed to be 0.5m. and 0.35m., 

respectively. 

 
3. OPEN QUEUING NETWORK MODELLING OF THE 

SBS/RS 

 

The SBS/RS queuing system can be modeled as an 

OQN. In the OQN model of an SBS/RS, storage and 

retrieval transactions are assumed as customers and, the 

lifts and shuttles are two different types of servers. Fig. 2 

shows an OQN model of the studied SBS/RS. An arriving 

transaction (storage or retrieval) enters the network of 

servers immediately. 𝜆𝑆 shows the mean arrival rate of 

the storage transactions and 𝜆𝑅 shows the mean arrival 

rate of the retrieval transactions in the system. Nodes 

represent the servers (i.e., lifts and shuttles). Note that the 

storage transactions enter the system from the lift node 

while the retrieval transactions enter the system from the 

shuttle node.  

 

 

 Figure 2: Open queuing network of the studied 
SBS/RS  

Due to the random storage policy, by the assumption 

that each aisle, we model a single aile in the system. 

Based on the decomposition approach explained in the 

following sections, the first node can be modeled as a 

G/G/2 queuing system.  In this queuing system, the lift’s 

capacity is doubled and the arrival and the service rates 

are assumed to be generally distributed. The second node 

can be modeled as a G/G/m queuing system where there 

is an m number of shuttles in an aisle (i.e. m = T). Note 

that a generally distribution can be described by their first 

two moments – the mean and the squared coefficient of 
variation (scv - c2). Scv is the ratio of variance (𝜎2) to the 

mean square (𝜇2) [12], [13]. In Figure 2, each node 

represents a service delay represented by the two 

moments µ and c2. 
In calculating each node’s µ and c2 values, we utilized 

expected value calculations and Discrete Time Markov 

Chain (DTMC) modelling approach [4]. 

 
3.1  Qeueing performance measure calculations 

In Figure 2, the queuing network of the studied 

SBS/RS is shown. Remember that the nodes in that figure 

represent the servers: lifts and shuttles. Also remember 

that the service times of lifts and shuttles are represented 

by two moments, mean rate (µ) and squared coefficient 

of variation (c2). Based on that figure, three basic network 

operations: departure, split and superposition on arrival 

rates take place. The first and the second moment 

calculations of these network operations are summarized 

by Figures 3-5, respectively [13].  For instance, Figure 3, 

4 and 5 show the departure, the split and the superposition 

network operations and their two moment calculations. 

After calculating these first and second moments, we 

compute the queuing performance measures: the mean 

waiting time of a transaction in a lift queue (E(WL)) as 

well as the mean number of transactions waiting in a lift 

queue (E(LL)). We also compute the server utilizations 

namely, the utilization of lifts and the shuttles, 𝜌𝐿 and 𝜌𝑆. 

 

Figure 3: Departure network operation 

In Figure 3, “a” shows arrival and “d” shows departure. 

This figure is a departure network operation. Based on 

that the departure’s rate and the scv are calculated by (1)-

(2) [12]: 

𝜆d = 𝜆a (1) 

𝑐d
2 = 1 + (1 − 𝜌2)(𝑐a

2 − 1) +
𝜌2

√𝑚
(𝑐s
2 − 1) (2) 

where m is the number of servers in that node. 

 

 

Figure 4: Split network operation 

Figure 4 shows a split network operation. The regarding 

formulations are given by (3) and (41): 

𝜆i = 𝑝𝑖𝜆a (3) 

𝑐i
2 = 𝑝i𝑐𝑎

2 + 1 − 𝑝i (4) 

where pi is the probability of splitting to the ith route. 

  

Figure 5: Superposition network operation 

Figure 5 shows a superposition network operation. The 

regarding calculations are given by (5)-(6): 

𝜆d =∑𝜆i
𝑖

 
(5) 
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𝑐d
2 = 𝜔∑(

𝜆i
∑ 𝜆kk

)

𝑖

𝑐i
2 + 1 − 𝜔 

(6) 

where 𝜔 is calculated by (7)-(8): 

 

𝑤 = [1 + 2.1(1 − 𝜌)1.8𝑣]−1 (7) 

𝑣 = [∑(
𝜆𝑖
∑ 𝜆𝑘𝑘
⁄ )

2

𝑖

]

−1

 

(8) 

Note that Poisson process always has c2 = 1. After the 

calculations of the two moments of the arrivals into the 

servers, the performance measures can be calculated via 

G/G/m queuing models [13]. For example, the mean 

waiting time in a queue can be calculated by the below 

(9) approximation (Whitt 1983b): 

𝐸(𝑊) ≈ ∅(𝜌, 𝑐𝑎
2, 𝑐𝑠

2, 𝑚) (
𝑐𝑎
2 + 𝑐𝑠

2

2
)𝐸𝑊(𝑀 𝑀⁄ /𝑚)   (9) 

where ∅(𝜌, 𝑐𝑎
2, 𝑐𝑠

2, 𝑚) is calculated by (10)-(16): 

 
∅(𝜌, 𝑐𝑎

2, 𝑐𝑠
2,𝑚)

=

{
 
 

 
 (
4(𝑐𝑎

2 − 𝑐𝑠
2)

4𝑐𝑎2 − 3𝑐𝑠2
)∅1(𝑚, 𝜌) + (

𝑐𝑠
2

4𝑐𝑎2 − 3𝑐𝑠2
)𝜓(

(𝑐𝑎
2 + 𝑐𝑠

2)

2
,𝑚, 𝜌) , 𝑐𝑎

2 ≥ 𝑐𝑠
2

(
𝑐𝑠
2 − 𝑐𝑎

2

2𝑐𝑎2 + 2𝑐𝑠2
)∅3(𝑚, 𝜌) + (

𝑐𝑠
2 + 3𝑐𝑎

2

2𝑐𝑎2 + 2𝑐𝑠2
)𝜓(

(𝑐𝑎
2 + 𝑐𝑠

2)

2
,𝑚, 𝜌) , 𝑐𝑎

2 ≤ 𝑐𝑠
2

 
(10) 

 

𝜓(
(𝑐𝑎
2 + 𝑐𝑠

2)

2
,𝑚, 𝜌)

= {
1, (𝑐𝑎

2 + 𝑐𝑠
2)/2 ≥ 1

∅4(𝑚, 𝜌)
2(1−(𝑐𝑎

2+𝑐𝑠
2)/2) 0 ≤ (𝑐𝑎

2 + 𝑐𝑠
2)/2 ≤ 1

 

(11) 

 

∅1(𝑚, 𝜌) = 1 + 𝛾(𝑚, 𝜌) 
(12) 

𝛾(𝑚, 𝜌) = 𝑚𝑖𝑛 {0.24, (1 − 𝜌)(𝑚 − 1)((4 + 5𝑚)
1
2 − 2)/(16𝑚𝜌)} (13) 

∅2(𝑚, 𝜌) = 1 − 4 𝛾(𝑚, 𝜌) (14) 

∅3(𝑚, 𝜌) = ∅2(𝑚, 𝜌)𝑒𝑥𝑝(−2(1 − 𝜌)/3𝜌) (15) 

∅4(𝑚, 𝜌) = 𝑚𝑖𝑛{1, (∅1(𝑚, 𝜌) + ∅3(𝑚, 𝜌))/2} (16) 

where ⍴ is the utilization of that node and calculated by 

(17): 

⍴ =  
𝜆

𝜇
 

(17) 

The number of transactions in a queue can be calculated 

by (18): 
(𝐿) = 𝜆 · 𝐸(𝑊) (18) 

 
3.2  Design scenarios for validation of the models 

Table 1 shows the design scenarios and their resutls 

based on the analytical models and the simulation. In the 

experiments, the acceleration/deceleration delays of lifts 

(aL = dL) and shuttles (aS = dS) are considered to be 

1m/sec2 and 1.5 m/sec2, respectively. The velocity of lifts 

(VL) and shuttles (VS) are considered to be 1.5 m/sec for 

both.  

Table 1. Design scenarios and their results 

 Analytical Simulation Error (%100) 

T 
λS= λR 

(hour) 
𝜌𝐿 

E(WL) 

(sec.) 
E(LL) 

E(WL) 

(sec.) 
E(LL) E(WL) E(LL) 

20 565 0.95 37.38 11.73 36.56 11.51 2.24 1.91 

20 535 0.90 18.57 5.52 16.72 4.98 11.06 10.8 

20 505 0.85 12.38 3.47 10.40 2.92 19.04 18.8 

19 585 0.95 36.00 11.70 35.09 11.43 2.59 2.36 

19 555 0.90 18.23 5.62 16.44 5.08 10.89 10.6 

19 525 0.85 12.22 3.57 10.38 3.03 17.73 17.8 

18 605 0.95 32.96 11.08 31.66 10.66 4.11 3.94 

18 575 0.90 17.42 5.57 15.78 5.05 10.39 10.3 

18 545 0.85 11.86 3.59 10.09 3.06 17.54 17.3 

17 630 0.95 33.14 11.60 31.64 11.09 4.74 4.60 

17 600 0.90 17.50 5.83 15.85 5.29 10.41 10.2 

17 565 0.85 11.30 3.55 9.60 3.02 17.71 17.6 

16 660 0.95 31.22 11.36 34.64 12.71 9.87 10.6 

16 625 0.90 16.96 5.89 15.29 5.32 10.92 10.7 

16 585 0.85 11.08 3.63 8.87 2.89 24.92 25.6 

15 685 0.95 31.46 11.97 29.92 11.40 5.15 5.00 

15 650 0.90 15.85 5.72 14.21 5.14 11.54 11.3 

15 615 0.85 10.61 3.63 8.95 3.06 18.55 18.6 

 

In Table 1, 𝐸(𝑊𝐿) and 𝐸(𝐿𝐿) show the expected 

waiting time of a transaction in a lift queue and the 

expected number of transactions waiting in a lift queue, 

respectively. Since, the lifts are bottleneck and the 

shuttles’ utilizations are fairly low in the system, we 

provide the results solely for lifts. 𝜌𝐿  denotes the mean 

utilization of a lift. Since the 𝜌𝐿  value is exactly same 

with the simulation result in each scenario, we do not 

provide the simulation and analytical results separately 

for this performance measure. The experiments are 

conducted for different arrival rates of transactions such 

that we obtain high utilization values for lifts (i.e., 0.95% 

- 0.85%). Namely, we change the arrival rates to obtain 

the 𝜌𝐿 values of 0.95%, 0.90% and 0.85%. The analytical 

results deviate from the simulation results higher in the 

lower 𝜌𝐿 values than the higher 𝜌𝐿 values. As a note, the 

deviations are calculated by Absolute Percentage Error 

(APE) by (19): 
 

|𝐸(𝑊)𝐴nalytical  −  𝐸(𝑊)Simulation |

𝐸(𝑊)Simlation 
× 100 (19) 

 

In the last two columns it can be seen that the errors 

are typically less than 25.6%. In the higher 𝜌𝐿 values 

these errors are reasonably small, i.e. less than 10%. 

Hence, we could utilize the developed analytical model 

for performance calculations of the system. 

 
4. CONCLUSION 

The aim of this study is to present an open queuing 

network (OQN) model that can estimate the critical 

queuing performance measures of a pre-defined SBS/RS  

design. By the provided model, one would be able to 

evaluate an SBS/RS’ design promptly, by changing those 

design criteria. The analytical model’s results are 

validated by the simulation results which show 

reasonably small APE values. As a future study, this 

work can be extended by considering dual command 

(DC) scheduling rule in the system.  
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